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SET 2

MATH 543: ORTHOGONAL FAMILIES AND BASIS

1. Prove that the Fourier coefficients of any |f >¢ LZ(a,b) form a Hilbert
space. First prove that the space of such coefficients form an inner product
space then prove that this inner product space is complete. This space is 1y
(see set 1). Prove that ly and LZ(a,b) are isomorphic. See page 196 of DK.
2. Prove that all finite dimensional inner product spaces are complete. Sec
page 182-183 of DK.

3. Explain the importance of Bessel’s inequality and Parseval’s relation.

A.  Assume that there exists an orthonormal basis |e; >, (2 = 1,2,-++) in
LZ

w

(a,b). Then |, for any |f >€ L2, the sequence of vectors

k
e >=>_ flei >
i—=1

with
fi =< €5|f >

has |f > as the limit vector in the sense that
lin p(|f > |fic >) = 0
k—roo

5. Prove that the set of orthonormal vectors |e; > form a basis of L2{a, b) if
and ouly if the Fourier coclficients wrt le; > satisy the Parseval’s relation.
6. Prove that any orthogonal family |e¢; >, ¢ = 1,2,= -+ in L% (a,b) is
linearly independent

7. If {¢1, €2, - -, €,) is a finite orthonormal family of finctions in L2 (a,b) and
f ¢ LZ(a,b), then

w

n
=3 e > ]
k=1



has its minimum value when f* =< fle, > and.

> 1< flew > <AV
k=1

8. Let f,g € L2 (a,b) prove that | < flg > | < oo.

w
9. (Gram Schmidt Orthogonalization Process (GS)). Let |g; >, i = 1,2, -

be linearly independent set of vectors in L2 {a,b). We can construct an
w 3

orthogonal set |u; >, (i = 1,2 -+) from the following (prove this statcment)

i-1
ey >= g >, i >=lg > — > apfug > (1)
k=1
where q = S8 for k> 1. Then the orthonormal set is given by |e; >=
[leeH g

jug >
[fuesc i
10. Let I = [-1,1], w = 1 and (g;) = (1,2,2% ) be the linearly inde-

pendent set in L?(—1,1). Find the orthonormal set |e; > obtained from this

linearly independent set. This set is Called the Legendre polynomials.
11. Prove the following proposition: The sequence of orthonormal vectors
{le; >} obtained by the orthogonalization (GS Method) of a linearly inde-

2

2 (a,b) is a basis of the space if and

pendent vectors [g; > of the space L
ouly if cach vector |f >€ L%(a,b) is a limit vector of a sequence of linear
combinations of the vectors lg: >.

12. In L2 (a,b) any linearly independent sct of vectors (g; >’s in the previous
problem) may be considered as a basis of this space if an arbitrary vector of
L2 (a,b) can be expressed as a limiting vector of linear combination of basis
vectors. Prove that the set {1,2,2?% -} formn a basis of continuous fanctions
in [, bl

13. Let f >¢ L2(a,b) can be expressed as a limiting vector of a se-
quence of vectors that can be expressed as a linear combination of continuous
functions. Prove that , using this aasertion and the previous problem, any

|f >€ L2(a,b) can be approximated by suitable polynomials. This means



that given ¢ > 0 there exists a positive integer m and a polynomial p,, such
that ||f —pnll <&

14. Definition: A complete orthonormal sequence {je; >, ¢ = 1,2,---} in the
space L% (a,b) is called a basis of L2 (a,b). Prove the following proposition.
Let {le; >},7 = 1,2,---} be an orthonormal sequence in L% (a,b). The

following statements are equivalent:

1. {le; >,i=1,2,---} is complete.

2. If>=2, <elf > les>, forall|f > Ll{e,b)

3. VR le > <e]=1.

4. < flg>= 2, < flew > < eplg > for all |f >, |9 >€ L% (a,b).
5 AP =22, [ <erlf > % for all |f >€ L% (a,b).

Hint:. Use the following directions 1 -2 23 —4 25— 1.
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SET 3

MATH 543: ORTHOGONAL POLYNOMIALS

1. Generating Functions: For the classical orthogonal polynomials Oy, (z)
we have seen so far there exists a generating function g{z,t) for each defined
by

glz,t) = i e, t" Cy(2), (1)

n=0
where a,,,s are some real numbers. Find these numbers for the following cases

Plynomial C,,(z) Generating Function g{z, )
Hermite, H,{x) g 172l

Laguerre, L”(x) e tt/A=0 /(1 — gyt
Legendre, P (2) (t2 — 2t + 1)71/2

Chebyshev (I} , 7o (%) (1 — 32 — 2zt + 1)t
Chebyshev (11}, U, {x) (t? — 2ot + 1)1

2. Find or prove the following for the Legendre polynomials by using its
generating function where a, = 1:

(@) P(=2) = (=17 Pul@), ()17l (©)-J5° Pala)de,

(d)(1 = 2) P () — 26P5(x) + nln -+ 1) Pale) =0,

(e) (1 —2?) Pi{a) + naP,(x) — nPr1(z) =0,

(£) Py (@) — B () — (2n+ 1) P(2) = 0,

(8) Prgr — 2l — (n+1)P, =0

(h) Expand sinax where Ja| < 7 and « € {—1,1] in terms of the Legendre
polynomials. Find the first five terms and discuss the convergence of the

series expansion

s




3. Find and prove the following for the Hermite Polynomials by using its
generating function where a, = 3

(a) Hy(—2) = (=1)" Hy(z), (b) [[H.l, (c) H.(0)

(d) Hpyr —22H, = 2nH,_y, (e)H] —2zH,+2nH, =0,

(£) %;;Hn = gm (,—l}fﬁH,,_m (Use the Rodriguez formula to prove this prop-
erty of the Hermite polynomial).

(g) Expand e > 0 in terms of the Hermite polynomials. Find the first

five terms. Discuss the convergence of series expansion.

4. Prove the following for the Laguerre Polynomials:

(2) nL¥ — (n+v)Li_, —aLli' =0,

(b)Y (n+ 1)L —(On+rv+l—2)+ntv)l,, =0,

(c) Use the generating function to show that L(0} = T'{(n+r+1)/[2!0(w+1)].
(d) Let L,(z) = L2 (z). Use the generating function for L, and prove that
L0y = —n, L20)=1inn—-1)

(e) Expand e **, k > 0 as a series of Laguerre polynomials L; {z) ¥ind the
cocfficients by using the orthogonality of L% and the generating function.

Discuss the convergence of the series.

5. Prove that Orthogonal Polynomials C,(z) with 2 € [a,b] has n zeros in
[a, b].
6. Find < 2C,,C,, > where C,(z) is any one of the classical orthogonal

polynomial with z € [a, ]

7. Express the function f(z) = —1  for =1 < & < 0 and f(z) = 1 for
0 < x < 11n terms of the Legendre polynomials. Find the first five terms

and discuss the convergence of the series.

8. For the following problems remember the following theorem:

Theorem: The Fourier series of a function f(x) that is piecewise conlinuous

in the interval (—w, ) converges to

§

’



%[f(x+0)+f(w—0)] for —w<w<m @

S + f(=m)] for o=ctm (3)

{a) Show that

) 2 4 2 cos2kwx
Isinaz| = - Azlm
Discuss the above theorem for this example
(b) Find the Fourier series expansion of the function f{z) = |z| in the
interval {—a.a]. Discuss the above theorem for this example.
(c¢) Find the Fourier series expansion of the function f{z) = 2+« for —a <
z < 0and f(z) =z for 0 < 2 < a and discuss the convergence of the series

at the discontinuous points.

9. Prove that the function f(z) =2 for 0 < 2 < ¢ and f(z) = 2a¢ — z for
a < @ < 2a has Fourier representation

2) z 8 x 1 3rzx
7r2 Z sm(mr/ sin ?Z: = ?(;(Sin % s g )

n=}
Discuss the differentiability of the Fourier series. Compare the derivative
function f’ with the derivative of the Fourier series.

10. Tf the Fourier expansion

(—a<z<a)

J(z) =

] n

nl

show that

é /_Z[f(ﬂ;)]?d:s = 24 + Z (A2 4 02)

n=1

@



<
)

11. Prove the following

sintae & Zasin o
cos Qe = + > (1) ———— cosnz
T — m(a? — n?)

for -7 < @ < . Here « is a non-integer real number. Deduce from this the

following formula

11 & 2«
t P —— — _—
cobma Tr[a- nz=:1 n? — 0.2]

12. Provethat for - v <z <n

a3

n=1

_ sinh 7T yrtl

* (cosnz — nsinna)
From this result find the Fourier expansion of sinh x and cosh # in the same

interval

13. (a). Using the Fourier Transform try to give a way to solve the following
type of ODE: y”{z) + ay/(2) + cy{z) = f(z} where ¢/(0) = a and y(0) =
Here @, b, ¢ are constants and f(x) is a given function of .

(b) Find the Fourier Transforms of 1/(1 + 2?), 1/(1 + 2?)2.



